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Abstract 

Most  optimization  problems  in  layout  have  been  shown  to  be  NP-complete,  resulting  in 
researchers  abandoning  the  search  for  optimum  solutions  even  for  small-scale  problem 
instances. 


In  this  paper  we  transform  various  NP-complete  problems  in  layout,  namely  two-  and 
multi-layer  dogleg  routing,  two-way  partitioning,  one-dimensional  and  two-dimensional 
placement,  into  Boolean  satisfiability  problems.  The  transformations  are  efficient  in  that 
the  number  of  inputs  to  the  Boolean  function,  for  which  we  have  to  find  a  satisfying 
assignment,  only  grows  linearly  or  quasi-linearly  with  the  layout  problem  size.  These 
transformations  also  produce  a  minimal-sized  Boolean  function,  in  order  to  speed  up 
satisfiability  check  performance. 


We  apply  sophisticated  test  generation  and  logic  verification  strategies  that  can  be  used  to 
check  for  Boolean  function  satisfiability  to  these  layout  problems.  We  present  experi¬ 
mental  results  which  indicate  that  problems  of  significant  size  can  be  solved  optimally  using 
this  approach.  This  approach  to  optimal  layout  is  considerably  more  efficient  than 
exhaustive  search. 


Further,  we  show  that  this  approach  to  layout  optimization  offers  an  elegant  means  of 
representing  and  searching  the  entire  space  of  feasible  solutions  in  an  attempt  to  optimize  a 
complex  cost  function  with  associated  constraints. 
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Abstract 

Most  optimization  problems  in  layout  have  been  shown  to  be  NP- 
complete.  resulting  in  researcher*  abandoning  the  search  for  optimum 
solutions  even  for  small-scale  problem  instances. 

In  this  paper,  we  transform  various  NP-contplete  problems  in  layout, 
namely  two  and  multi-layer  dogleg  channel  routing,  two-way  partition¬ 
ing.  one-dimensional  and  two-dimensional  placement  into  Boolean  salts - 
liability  problems.  The  transformations  are  efficient  in  that,  the  number 
of  input*  to  the  Uoolean  function,  for  which  we  have  to  find  a  satisfying 
assignment .  only  grows  linearly  or  quasi-lin  early  with  the  layout  prol>- 
|em  sij**.  These  transformations  also  produce  a  mtnimal-sized  Boolean 
function,  in  order  to  speed  up  satisfiability  check  performance. 

We  apply  sophisticated  test  generation  and  logic  verification  strate¬ 
gies  that  can  be  used  to  check  for  Boolean  function  satisfiability  to  these 
lay  out  problems.  We  present  experimental  results  which  indicate  that 
problems  of  significant  size  can  In  svlrrd  optimally  using  this  approach. 
1  hi*  approach  to  optimal  layout  is  considerably  more  efficient  than  ex¬ 
haustive  search. 

Further,  we  show  that  this  approach  to  layout  optimization  offers  an 
elegant  mean*  of  representing  and  searching  tin  entire  space  of  feasi¬ 
ble  solutions  in  an  attempt  to  optimize  a  complex  cost  function  with 
associated  constraints. 


1  Introduction 


The  area  of  layout  design  and  synthesis  is  rich  in  optimization  problems. 
Placement  problems  involve  finding  locations  for  various  modules  so  as 
to  minimize  a  given  oh. ferine  function,  which  reflects  the  interconnect 
complexity  of  the  placed  modules,  (iiven  a  placement  of  modules,  the 
problem  of  routing  is  to  make  the  required  connections  in  minimum 
area. 

\  nforiunately.  most  placement  and  routing  problems  have  been 
shown  to  be  NP-complete.  This  lias  led  researchers  into  abandoning 
the  search  for  opt  imum  solutions  even  for  small-scale  problem  instances. 
Other  than  \*anos  optimum  one-dimensional  placement  algorithm  [l] 
and  optimum  bipartite  I’L A  folding  techniques  [r>] %  there  has  been  a 
dearth  of  algorithms  that  guarantee  global  optimality  for  layout  prol>- 

letns. 

With  computers  becoming  consistently  and  significantly  faster  at  each 
ueu  generation,  it  is  onr  belief  I  hat  NP-complele  optimization  problems, 
of  a  significant  size,  can  be  solved  ill  an  optimal  way,  with  reasonable 
( ’PI'  rime  expemiit  ure.  I  his  belief  stems  from  the  fact  that  even  though 
the  woist -rase  pnfoiniance  of  exact  algorithms  for  NP-complete  prob¬ 
lems  grows  exponentially  with  problem  size,  in  practice  quite  a  few  of 
I hese  problems  have  been  shown  to  be  amenable  to  an  "intelligent"  exact 
solution  method,  e  g.  branch  and  bound  techniques,  even  for  large-scale 
problem  instances.  By  an  intelligent  method,  we  mean  a  method  that 
prime*  l  fie  seatcii  space  without  sacrificing  optimality  by  exploiting  the 
nature  of  f  lie  problem  ami  the  st  rue  lure  of  the  problem  instance.  I  riv  ial 
exhaustive  search  methods  have  a  worst -caae  and  an  empirical  behavior 
that  is  exponentially  related  to  problem  scale. 

Ileal-life,  large-scale  instances  of  several  NP-complete  logic  synthe¬ 
sis  problems,  notably  ones  of  two-level  Boolean  minimization.  Boolean 
tautology  ami  satisfiability,  have  been  solved  using  exact,  albeit  very 
sophisticated  algorithms.  For  details,  the  reader  is  referred  to  (it)  Jl]  [*j 

[if]. 

In  this  paper,  we  transform  various  NP-complete  problems  in  layout, 
namely  two  mu!  multi-iayei  dogleg  channel  routing,  two-way  partition¬ 
ing.  one-dimensional  and  two-dimensional  placement  into  HooUnn  satis, 
ft  ability  problems.  The  transformations  are  efficient  in  that  the  number 
of  inputs  to  the  Boolean  function,  for  which  we  have  to  find  a  satisfying 
assignment,  only  g  ivies  tnuarly  or  quasi. linearly  1  with  the  layout  prolr- 
lem  size.  The  number  of  gates  m  the  Boolean  function,  resulting  from 
(hi*  transformation,  is  also  minimal.  These  transformations  allow  us 
to  apply  sophist icaled  lest  generation  and  logic  verification  strategies 
that  can  be  used  to  check  for  Boolean  fund  ion  satisfiability  to  iavout 


l\\r  use  I  lie  fenn  quasi -linear  to  signifv  a  nfog(tt)  growth. 


problems.  We  have  obtained  experimental  Jesuits  which  indicate  that 
routing  and  placement  problems  of  significant  size  ran  be  solved  opti¬ 
mally  using  this  approach.  A  trivial  exhaustive  search  method  is  mu 
feasible  for  any  tiling  but  very  small  problems.  Thus,  this  approach  to 
optimal  layout  is  considerably  more  elficienl  than  exhaustive  seaufi. 

In  Section  2.  the  algorithms  we  use  for  the  Boolean  sat  i*fiahilit  v  check 
are  briefly  described.  Transformation*  for  routing  and  placement  pmb- 
lems  to  Boolean  function  satisfiability  are  described  in  Sections  :j  and  1 
We  describe  iuiplemcutal ion  details  ami  give  preliminary  experimental 
results  in  Sect  ion  r>. 


2  Checking  for  Boolean  Satisfiability 

There  are  several  ways  that  a  Boolean  function  can  be  checked  for  sat 
isfiability.  It  is  not  our  purpose  here  to  review  the  extensive  literature 
on  the  subject  and  hence  we  focus  on  two  particular  techniques  thal  we 
experimented  with. 

One  method  of  checking  two  logic  functions  for  equivalence  [T]  trans¬ 
forms  the  given  logic  functions  into  canonical  representations  known  a> 
Binary  Decision  Diagrams  (UDDs).  Bemuse  HDDs  repiesent  canonical 
graphs  of  logic  functions,  checking  logic  functions  for  equivalence,  gmu 
Ihexr  Bl)l)s.  becomes  merely  a  graph  isomorphism  check,  which  can  he 
performed  in  time  linear  in  the  size  of  t lie  BDD*.  Also,  a  logic  func¬ 
tion  is  satisfiable  if  ami  only  if  its  BDD  is  not  the  trivial  0  BDD.  The 
const  ruction  of  a  BDD  and  its  reduction  to  a  canonical  Tot  m  has  woim  . 
case  exponential  complexity,  which  may  requite  uu»ms<>riab|e  amount* 
of  (Tl1  time  and  memory.  However.  BDD*  have  been  const ruci»  •d  m 
several  cases,  for  functions  with  over  a  bundled  input*  and  a  thousand 
gates,  implying  that  satisfiability  checking  for  large  functions  i*  possible 
via  t  his  met  hod. 

Another  technique  (K)  uses  test  generation  algorithms  like  those  in  fit', 
to  enumerate,  in  suin-of-products  form,  the  (>V*ej  <>r  the  Of  F-sei  *,f 
the  given  logic  function.  If  the  sum- of- product  form  foi  tin*  ()\-*ei 
a  function  is  null,  it  means  that  the  function  i*  not  satisfiable.  else  it  i* 
satisfiable.  This  method  does  not  require  large  amounts  of  memory,  but 
the  CIM  time  requirements  can  grow  exponent  tally  with  tin  number  of 
inputs  in  tin*  problem  instance. 


3  Channel  Routing 

3.1  Introduction 

The  routing  problem  in  integrated  circuit  1 1C)  layout  »*  to  realize  a 
specified  interconnect  ion  among  modules  in  as  small  ;m  area  as  possible. 
Channel  routing  involves  routing  a  specified  neih*i  between  two  rows 
of  terminals  across  a  channel. 

Channel  routing  has  been  1  lie  *uhje<  t  of  extensive  jeseaic  h.  I  he  go;il 
of  a  channel  router  is  to  route  a  partintlai  channel  using  a  minimum 
number  of  horizontal  hark*.  Several  wlgmiilims  have  been  proposed  lot 
ivvo-|ayei  channel  touting  le.g.  [nj  and  mote  teceuiK.  |<>i  lunln 

layer  channel  routing  (e.g.  [2])  1  he*e  algoiiilmis  perform  very  well 

in  practice  but  are  heuristic  ami  offer  fimiled  guarantee*  as  to  t J>>- 
quality  of  the  final  route. 

The  wiring  model  used  m  channel  routers  assume*  tlial  each  layer 
runs  m  a  particular  direction,  i.e.  either  horizontal  or  vertical  Ibis 
constraint  is  sometimes  relaxed  (as  w  (2)  and  [9]).  in  order  to  obtain 
bet  ter  sol u t  ions. 

3.2  Channel  Routing  Basics 

(iiven  V  nets  to  be  routed,  we  have  to  place  t  fi.-*e  A  nei*  on  a  minimum 
number  of  I  racks.  1  here  are  two  dist  met  ty  pe*  of  const  t  aim*  t  hat  have 
to  be  accommodated  when  routing  nets.  If  we  define  the  interval  of 
a  net  i  A*  /(f)  =  |/, .  »,].  where  /,  (r, )  is  the  position  of  the  leftmost 

*Tlte*e  Atg.  •Ilf lints  r  th*  Irmrf  botmd  »»l»  llir  |fs}iurrt|  niMitl  '-i  .*(  Itjvk«  fm 

pn>Mrtn  nwlAiii  f*  in  maio  «  «*** 
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{right most )  terminal  the  net  has  to  he  connected  to,  then  it  is  clear  that 
nets  with  intersecting  intervals  cannot  he  placed  on  the  same  row. 

A  second  type  of  constraint  is  related  to  the  wiring  model  used  and 
deals  with  column-wise  relationships  between  nets.  If  a  net  »  is  con¬ 
nected  to  the  top  terminal  at  column  c  and  net  j  is  connected  to  t lie 
hot  tom  teiiiiinal  at  tin*  same  column  c,  then  we  require  net  »  to  he 
placed  above  net  j.  in  order  to  make  the  vertical  connections.  One  can 
derive  a  Vertical  Constraint  Graph  (VCG)  for  any  given  channel,  that 
represents  all  vertical  constraints  between  nets. 

In  the  simplest  form  of  routing,  each  net  is  realized  as  a  unbroken 
horizontal  segment.  A  degree  of  freedom  that  can  be  utilized  to  ad¬ 
vantage  lies  in  doghggtng  a  net.  i.e.  breaking  a  net  into  (two  or  more) 
sub-nets  at  its  terminal  positions.  Doglegging  can  reduce  the  number 
of  tracks  required  to  make  a  route. 

3.3  Two-Layer  Channel  Routing  Via  Boolean  Sat¬ 
isfiability 

Given  a  channel,  the  following  procedure  constructs  a  Boolean  function 
such  that  if  the  function  is  satisfiable.  then  it  implies  that  the  channel 
can  be  routed  in  l)  tracks.  A  satisfying  assignment  for  the  Boolean 
fund  ion  can  be  t  riv  tally  mapped  onto  a  route  in  D  tracks.  If  the  Boolean 
function  is  not  sat isliable.  it  implies  dial  no  route  in  <  D  (racks  exists 
under  t  he  chosen  wiring  model.  Szymanski  [I  l]  transformed  the  problem 
of  3-Satisfiabilily  into  one  of  channel  routing  in  order  to  prove  that 
channel  routing  was  N P-complete.  Here,  we  are  interested  in  the  reverse 
transformation. 

1.  Each  net  i.  has  P  =  \  log2(P)  ]  Boolean  variables  associated 

with  it.  namely  r, j.  v,2.  ••  *'tp-  These  variables  are  bit  vectors 
that  correspond  to  the  track  number  onto  which  the  net  will  be 
placed.  These  variables  are  inputs  to  the  logic  function  that  will 
be  constructed. 

2.  For  each  net  pair  i .  j.  if  /(»)  O  /(;)  <J>.  generate  the  logic 

functions  shown  below: 

'.i  r  *’;i  +  'ti  r  »j2  +  ••  +  »*« P  'jP  (I) 

where  *f  is  the  exclusive-or  Boolean  operator.  The  above  equa¬ 
tions  represent  the  constraints  that  nets  with  intersecting  intervals 
cannot  be  placed  on  the  same  row. 

3.  If  P  <  2P.  then  arbitrarily  pick  2P  -  P  distinct  bit-vectors  of 
length  P.  These  bit-vectors  will  correspond  to  unused  rows.  We  do 
not  want  any  nets  on  these  rows  and  hence  we  generate  the  logic 
below,  for  each  net  and  each  unused  bit-vector  [cj  c2  ..  cpj. 

f\i  <T  +  t‘,2  T*  +  ..  4-  f’tP  d?  cp  (2 1 

It  should  be  noted  that  rt.  ..  cp  are  constants  with  values  0  or  1. 

•I.  Remove  redundant  edges  from  the  VCG.  For  instance,  if  there  are 
edges  between  nets  /  and  j.  >  and  k  and  j  and  k,  the  edge  between 
/  and  k  is  removed.  For  each  edge  between  net  i  and  net  j  in  the 
VC '( i .  generate  the  logic  corresponding  to: 

(r,j.  rfi.  ..  v,r)  >  ( t'j  | .  t‘j2 ■  t'jp)  (3) 

For  instance,  when  P  =  2.  the  logic  will  lie 

[A) 

■r>.  Construct  a  Boolean  function  F  that  is  the  conjunction  of  Eqns. 

1.  Eqns.  2  and  Eqns.  3.  with  inputs  t*,*,  V  i,  k.  Check  F  for 
satisfiability. 

A  bit-vector  corresponds  to  the  row  number  for  each  net.  We  have  P 
possible  bit -vectors  that  can  he  assigned  to  the  nets.  The  logic  gener¬ 
ated  in  the  above  procedure  has  a  one-to-one  correspondence  with  the 
constraints  described  in  Section  3.2. 

Theorem  3.1  .  A  routr  using  <  D  Irnck s  exists  if  and  only  if  the 
Boolean  function  constructed  by  the  above  procedure  is  satisfiable. 

3.4  Finding  An  Optimal  Route 

The  procedure  described  allows  us  to  determine  whether  or  not  a  chan¬ 
nel  is  routable  in  P  tracks.  To  find  an  optimal  route,  we  repeatedly 
apply  satisfiability  checks  as  described  below. 


1.  Given  a  channel,  we  can  obtain  lower  bounds  on  the  number  of 
tracks  required  to  route  it  on  l  lit-  basis  of  tin*  maximum  density 
across  all  columns  in  the  channel  as  well  the  longest  path  1  in  tin 
VCG.  We  first  at  tempt  to  find  a  route  in  a  mmibei  of  l  rat  ks  equal 
to  the  maxi  ilium  of  these  two  bounds,  namely  1). 

2.  Try  to  find  a  sathfving  assignment  for  the  Boolean  function,  roi  - 
responding  to  routing  the  channel  in  l)  tracks.  If  tin*  sal isiiabiht v 
checker  does  not  terminate  within  a  specified  amount  of  time,  dis¬ 
continue  the  search  ami  go  to  Step  3.  Else,  if  a  satisfying  assign¬ 
ment  is  found,  we  have  found  a  route  in  P  tracks.  If  a  satisfying 
assignment  is  not  possible,  go  to  Step  3. 

3.  P  =  P  4-  I.  (io  to  Step  2. 

If  all  satisfiability  checks  terminate,  i.e.  are  not  discout inued.  then 
the  procedure  above  guarantees  an  optimal  routing.  All  the  nets  or  a 
subset  of  nets  can  be  doglegged  initially,  to  break  cycles  in  the  \  (  in¬ 
to  reduce  the  longest  path. 

3.5  Improving  Satisfiability  Check  Performance 

It  is  of  great  importance  that  the  Boolean  function  produced  via  tin- 
logic  generation  procedure.  P,  be  as  small  as  possible.  I  In-  number  of 
inputs  to  t he*  Boolean  function  is  .V  x  [  h*/j(/))  ].  where  .Y  js  the 
number  of  nets  in  the  channel  and  I)  is  the  number  of  targeted  tracks. 
The  transformation  is  efficient  in  that  the  number  of  inputs  to  F  only 
grows  linearly  with  the  number  of  nets.  ’I  he  amount  of  logic  generated 
is  dependent  on  the  problem  instance.  If  a  large  number  of  nets  overlap, 
we  will  have  a  large  amount  of  logic  corresponding  to  Eqns.  1. 

Since  the  >  operator  implies  the  ^  operator,  if  two  overlapping  nets 
have  a  directed  path  between  each  other  in  tin*  Y<  <■'.  we  do  not  have 
to  generate  logic  corresponding  to  the  Eqns.  |  for  these  nets. 

In  Step  3  of  the  logic  generation  procedure  of  Section  3.3,  redun¬ 
dant  edges  in  the  VCG  are  removed,  so  as  to  minimize  the  amount  of 
logic  generated.  If  these  redundant  edges  are  not  remover),  they  will 
correspond  to  redundant  logic  in  P. 

Eqns.  2  can  also  be  simplified,  if  a  large  number  of  unused  bit -vectors 
exist  For  instance,  if  III!  and  lilt)  are  two  unused  bit-vectors,  we 
can  merge  them  into  111  -  and  generate  logic  for  only  this  bit-vector. 
We  minimize  the  set  of  unused  bit  vectors  using  a  two  level  Boolean 
minimizer  like  ESHHESSO  [10],  so  as  to  reduce  the  number  of  Kepis.  2. 
This  has  to  only  be  done  once  for  each  satisfiability  check. 

An  alternate  representation  of  Eqns.  2  can  be  used  if  there  are  a  i.ug«- 
number  of  unused  codes  and/or  nets.  We  pick  the  2r  -  P  bit-w<inis 
with  the  largest  decimal  value.  Instead  of  generating  inequality  logic, 
we  generate  logic  corresponding  to  the  rows  of  nets  being  less  than  a 
compacted  form  (cubes)  of  these  bit  vectors.  The  advantage  of  this 
represent  at  ion  is  that  we  can  exploit  the  transitivity  of  the  <  operator, 
and  generate  logic  only  for  the  nets  at  I  lie  highest  fi»ve|  in  the  Y(‘G. 

Eqns.  3  are  stored  in  a  compact  form  for  dillereitt  values  lor  />.  Eqti. 
A  is  the  minimum  representation  for  p  =  2.  Minimum  representations 
for  j>  >  2  are  stored  as  logic  macros  and  instant ialed  with  different  input 
and  output  variables  whenever  necessary. 

Ilie  \  (  '( i  is  leveled  from  the  lop  to  boll  out  as  well  as  front  the  bottom 
to  the  lop.  The  level  from  the  top  and  bottom  for  each  net  rept event 
the  range  of  row  positions  that  a  net  can  occupy.  If  It,  (//»,)  is  the  level 
from  the  top  (bottom)  for  net  i  and  there  are  ft  tows,  then  tin*  row 
of  a  net  has  to  lie  in  the  closed  interval  \If  -  If,  -  1.  lh,).  I  his  limits 
the  values  that  the  Boolean  variables  of  net  i  can  lake.  We  find  the 
row  range  for  each  net  and  set  the  appropriate  variables  to  constant 
values  of  0  or  I.  decreasing  the  number  of  input  variables  m  the  Booh  an 
function  to  be  checked  for  satisfiability.  Em  instance,  if  B  =  S  and  t  lie 
range  of  a  net  k  is  [  I.  ’»].  it  means  that  the  net  has  to  fie  on  rows  |ou 
or  1 0 1  and  therefore  i'n  =  I  and  i'i2  =  0  (The  number  of  inputs  has 
effectively  been  reduced  by  2). 

These  steps  are  vitally  essential  to  solving  large  problems,  as  is  null 
cater  I  ill  Section  5. 

3.6  Representing  Feasible  Solutions 

( "on«1  rnct  ing  a  Binary  Decision  Diagram  (HDD)  representing  the 
Boolean  fimrl ion  corresponding  to  the  mutability  of  a  channel  m  p 
track*  i*  a  means  of  nnphrttly  but  exhaustively  searching  all  possible 
feasible  solutions  to  routing  the  channel  in  D  tracks. 

The  BDD  offers  a  compart  represent  a  I  ion  of  the  ON/OFE-seK  of  a 
Boolean  function.  Each  minlerm  in  the  ON -set  corresponds  to  distan  t 
feasible  route  of  the  channel  in  P  tracks.  However,  while  the  number  of 
miiilerms  in  the  ON-set  can  be  exponential  in  the  number  of  inputs  to 
the  function,  the  size  of  the  BDD  itself  can  be  small  -  this  is  because 

1*11(111  <»f  th*  |t»n(*si  1 1  at  1 1  >jui  lr*  i  \  ia  t*ut  ik*i  tit* 

maximum  density 
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each  minterm  corresponds  to  a  path  in  the  BI)L)  from  the  root  to  a 
leaf.  In  fact,  several  miuterms.  forming  a  culx*.  can  correspond  to  a 
single  path.  The  number  of  paths  may  l>e  extremely  large,  growing 
exponentially  with  the  number  of  edges  in  the  BDD. 

If  one  is  targeting  a  complex  cost  function,  including  a  relatively  sim¬ 
ple  minimum-track  solution,  then  one  can  simply  search  this  compact 
representation  of  the  entire  spare  of  feasible  solutions  to  select  the  best 
solution  under  fin*  cost  function.  A  example  nould  be  timing-driven 
routing,  where  the  length  of  certain  nets  needs  to  be  small.  Minimum- 
hack  solutions  can  be  compared  against  each  other  to  find  the  one  with 
I  he  desired  pioperty. 

3.7  Extensions  to  Multi-Layer  Channel  Routing 
and  Other  Wiring  Models 

The  procedure  can  be  extended  to  the  multi- layer  routing  case,  for  a 
given  layer-direction  configuration.  For  example,  if  we  have  three  lay¬ 
ers.  one  can  perform  a  YHY  route  or  a  HV'H  route.  For  simplicity  in 
descript  ion.  we  will  indicate  in  the  sequel  how  optimal  VHY  and  H\  II 
route*  can  be  found  via  Boolean  satisfiability  checking.  However,  the 
logic  generation  procedure  can  be  generalized  to  >  3  layers. 

In  tiie  case  of  YIIY  routing,  there  are  no  vertical  constraints  between 
nets  and  the  horizontal  segments  can  only  be  on  one  layer.  Therefore, 
the  logic  generation  procedure  of  Section  3.3.  is  unchanged,  except  that 
Ecpis.  3  are  not  generated:  the  Y(*(«  is  ignored. 

The  HYH  case  is  more  complicated.  The  lower  bound  on  HVH  routing 
i*  *//2  where  </  is  the  maximum  density  across  (he  channel .  We  can  place 
a  net  on  two  possible  horizontal  layers.  We  add  a  variable  /,  to  each  net 
t  that  corresponds  to  the  layer  that  the  net  is  on.  /,  =  1  implies  that 
net  i  is  layer  1  and  /,  =  0  implies  that  net  t  is  on  layer  2.  Two  nets 
with  intersecting  intervals  have  to  be  on  different  rows  or  on  different 
layers.  We  can  write 

'•,i  +  ']  i  +  •■  +  r,p  r  i',r  +  A  •? 

in  correspondence  to  Fqns.  1.  Fqns.  3  are  unchanged  for  the  II \  II 
case,  since  vertical  constraints  have  to  be  olnryed.  Unused  bit- vectors 
also  have  to  In*  handled  via  Fqns.  2. 

If  the  pitch  of  the  two  layers  is  different,  then  we  choose  the  track 
count  such  that  we  have  «/,  +  </2  -  r /  horizontal  tracks  available, 

where  </,  ( t! t )  is  the  number  of  tracks  on  layer  1  (2).  The  num¬ 
ber  of  variables  we  require  i»er  net  (other  than  the  layer  variable)  is 
p  -  \  logi(  \l  I.Y(d|.  </j ) )  |.  We  will  have  2,‘  -  d\  unused  bit- vectors 
for  layer  1  and  2r  -  tlj  unused  bit -vectors  for  layer  2. 

With  four  or  more  layers,  we  will  have  vertical  constraints  between 
nets  if  they  are  on  the  same  layer,  but  not  if  they  are  oil  different  layers. 

A  technique  which  has  been  used  successfully  to  route  channels  with 
cyclic  Y(  ‘(is  (<)]  is  to  break  cycles  in  the  YCC i.  route  the  channel  accord¬ 
ing  to  the  acyclic  Y<*(J  and  use  a  maze  router  to  make  the  connections 
corresponding  to  the  edges  that  were  initially  removed  from  the  Y('(i. 
The  maze  router  uses  a  more  flexible  wiring  model  and  is  efficient  for 
the  small  number  of  connections  that  can  be  made.  We  can  use  t he 
technique  described  in  this  section  to  perform  an  optimal  route  for  the 
acyclic  Y(  (i.  rather  than  the  heuristic  strategy  used  in  [9] . 

4  Partitioning  and  Placement 

4.1  Introduction 

Several  placement  problems  can  be  efficient ly  transformed  into  Boolean 
satisfiability  problems  ami  solved  exactly.  In  Ibis  section,  we  describe 
i  mn<-formal ions  foi  two-way  partitioning,  as  well  as  one-dimensional 
and  two-dimensional  placement  problems.  All  these  transformations 
have  the  property  tliat  the  number  of  inputs  to  the  corresponding 
Boolean  function  grows  quasi-linearly  with  problem  size. 

4.2  Two-way  Partitioning 

The  problem  addressed  here  is  the  classical  graph  partitioning  problem, 
(iiven  a  graph  (Y(  \  .  /.’)  with  weights  on  its  edges,  partition  the  nodes 
of  <7  into  two  subgraphs  A  and  B .  such  that  the  cumulative  weight  of 
edge*  across  the  partition  is  minimum.  Heuristic  algorithms  have  been 
proposed  for  this  problem  (e  g.  (7)).  Here,  we  are  concerned  with  a 
procedure  that  guarantees  the  minimum  solution.  In  the  sequel,  we 
will  deal  with  uniform  two-way  partitioning,  where  j|A||  =  ||£?||,  for 
simplicity.  However,  the  procedure  can  easily  be  generalized  to  the  the 
non-uniform  case. 

We  can  generate  a  Boolean  function  such  that  if  and  only  if  the  func¬ 
tion  is  satisfiable.  will  there  exist  a  partition  of  the  nodes,  V  €  (».  that 
has  a  cost  <  (’  If  one  can  obtain  a  lower  bound.  L<;.  on  the  cost  of 
the  optimum  partition,  then  we  can  use  the  strategy  of  the  previous 


section,  in  progressively  increasing  the  targeted  cost .  C  till  we  find  a 
function  that  is  satisfiable  (that  corresponds  to  an  optimum  partition). 
However,  good  lower  bounds  do  not  exist  for  the  partitioning  problem 
unlike  channel  routing.  Therefore,  we  find  a  good  upper  bound.  I',-. 
using  the  heuristic  technique  of  [7]  anti  progressively  ihrrraxr  the  tar 
geted  cost.  Cr .  beginning  from  till  we  encounter  a  logic  function 
tliat  is  no/ satisfiable.  Then.  C’T  4-  1  i*  the  cost  of  die  optimum  paiii- 
tion.  The  decrement  in  (  1  is  related  to  problem  size*:  for  small  problem^ 
C'T  is  decremented  by  1  at  each  pass,  for  larger  problem  instances,  a 
decrement  greater  than  unity  is  used. 

The  logic  generation  procedure  for  two-way  uniform  partitioning  is 
described  below.  The  procedure  receives  die  graph  and  a  targeted  cosi. 
Cr ,  as  inputs.  ,Y  is  die  number  of  nodes  in  die  graph. 

1.  Each  node  i  £  6\  lias  P  =  \  loyt{. Y  )  ]  Boolean  variables  associated 
with  it.  namely  r,|.  rl2.  ••  v,p.  These  variables  Are  bit  vetior* 
whose  P-lh  bit  correspond  to  tiie  partition  in  which  die  node  will 
be  placed.  There  are  two  distinct  partitions  corresponding  tin  ■  H/ 1 
values  for  each  of  the  r,p.  I  liesp  variables  are  inputs  to  the  logic 
function  dial  will  be  constructed. 

2.  For  each  node  pair  i.  j  generate  the  logic  functions  shown  below: 

ril  *r  rj  I  +  r'«2  **•  rj2  +  ••  +  />  **•  e,f<  I  ”> ' 

where  -?*  is  tin*  rxc  lusive-or  Boolean  riper  at  or .  1  In*  abov  equal  ion* 
represent,  in  a  compact  wav.  die  const ramt  of  uniform  partitioning, 
namely,  that  ||.t||  =  ||W||.  We  will  have  \/2  uorles  whose  P-lli 
bit  has  the  value  I  and  .Y/2  uorles  whose  /’- lli  bit  lias  t,.e  value  (J. 

3.  If  .V  <  2**.  then  pick  2^  —  .V  distinct  •nqmtihnl*  bit  vet  Ini* 

of  length  /’.  These  bit-vectors  will  correspond  to  unused  codes  for 
the  uorles. 

t‘r  l  *r  Cj  4-  f,2  r2  4-  ..-f  »',/•  •+•  r /.  ( (i  I 

As  in  I  he  routing  case,  r , .  ..  cp  are  roust  ants  w  ii  h  values  (l  oi  I . 

4.  For  eacll  edge  in  the  graph,  we  generate  logic  to  check  if  the  edge 
is  a  crossing  edge  or  not.  If  so.  the  weight  < >f  the  edge  is  added  to 
the  cost  ( We  construct  the  Boolean  (miction 

UF\\ 

<  =  ^  •  *  *  0  .  f  nr  i  <  ~  • 

i=1 

where  hr  and  /  are  the  nodes  romi«*cte<i  to  edge  <(  £  /  .  ni»,i  is 
the  weight  of  edge  1  he  •  operator  represents  a  simple  fot  m  ol 
multiplication,  where  the  second  opeiaud  is  a  single  I »i i  opetand. 
that  can  take  on  the  values  0  or  I. 

5.  Hepresent  the  constraint  that  the  cost  has  to  be  less  than  «n  equal 
to  t Ik*  targeted  cost  <  1 . 

C  <(’  |S| 

I  his  is  t Ik*  complement  of  the  >  operator  described  in  tin  pievious 
section. 

fi.  Construct  a  Boolean  function  I  that  is  the  coniunrtion  of  f  qn« 
S,  Eqtts.  (>  and  F<|ti«.  K.  with  inputs  ejt.  V  /.  4 .  (  heck  /  h»i 
sal  isliabilily. 

Theorem  4.1  :  1  partition  mill  ra*t  <  (  T  i  m/s  if  anti  only  if  tin 

BooUan  function  cotn-trucle d  by  tin  ah<>/f  pnurhtn  t*  satnjiabl* 

4.3  One-Dimensional  and  T' .  o-Dimensional  Place¬ 
ment 

I  lie  problem  of  one-dimensional  p!.«  emeni  of  gales,  so  i<>  minintize 
the  total  net  length  (or  minimize  n-i  of  t  he  weighted  sum  of ’net  hngilis 
or  minimization  with  const  rail  -  on  the  net  lengths)  lias  a  veiy  vmiihu 
formulation  to  that  above.  Ae  have  \  /oc/2(.V)  ]  variable*  foi  eai  h 
net.,  correspomling  to  the  -  nation  the  net  can  assume,  j  he  rosi  «>|  a 
placement  is  represent ed  by  the  sum  of  the  net  lengths,  much  like  m 
Eqn.  7. 

In  t wo-dimeusiona!  placemeut.  under  a  given  aspect  ratio,  we  will 
have  two  sets  of  variables  corresj>ondiug  to  the  \  and  Y  comdinates  |‘<»r 
each  net.  The  cost  is  calculated  as  a  function  of  both  srt<  of  variables 

These  probl- hi  .  are  ini  imsically  mote  diilicult  than  routing  of  pai«i 
lioiliug  prob'.i'is.  We  fee),  at  this  stage,  that  sattsliabilil \  rheckers  have 
to  develot'  . u.  liter,  so  as  to  be  able  to  solve  large  I vvfv dimensional  p|are 
nient  pr..l»|ems  However,  highly  constrained  placement  problems  ran 
be  solved  optimally,  even  now.  since  roust  lainl*  preclude  the  legality  of 
a  large  space  of  solutions. 

*  By  sequential.  mean  nx>n<>l mu«  all'  ni'irviMK  in  He.  unal  halite 
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5  Results 

In  this  section.  w»»  present  preliminary  experimental  results  using  the 
procedures  described  in  the  previous  sections.  In  all  cases,  the  Binary 
Decision  Diagram  [3]  method  for  satisfiability  checking  was  used,  since 
its  performance  was  superior  to  the  test  generation  method,  for  t lie 
kinds  of  functions  thal  we  encountered. 

In  Table  1,  the  statistics  of  the  examples  used  are  given.  The  number 
of  columns  (  #cols),  nets  (#uets)  and  maximum  density  (density  )  are  in¬ 
dicated  for  each  example.  We  present  optimal  two-layer  routing  results 
in  Table  2.  Results  without  doglegging  are  given  under  the  column  NO- 
l")()(ILK<i.  The  optimum  number  of  tracks  (#trnh  number  of  Boolean 
satisfiability  checks  f#satf  ami  the  total  Cl’i  time  for  all  the  satisfia¬ 
bility  checks  fCPP  time)  are  indicated  for  each  example.  Medium-sized 
channels  are  amenable  to  optimum  routing.  But  for  the  smallest  exam¬ 
ple.  none  of  the  others  can  be  solved  via  an  exhaustive  search  method. 
The  <  TP  times  are  all  on  a  VAX  11/8800.  I  lie  ( 'PC  t lines  for  logic  gen¬ 
eration  are  negligible  in  comparison  to  the  satisfiability  checking  times, 
and  hence  are  not  given. 

We  present  results  for  3-layer  routing  in  Table  3.  Results  for  both  the 
YlIV  and  II \* II  wiring  models  are  given.  No  doglegging  was  performed 
in  these  experiments.  Though  the  3-layer  routing  problem  is  more  com¬ 
plicated.  still  piobleins  of  significant  size  can  be  solved  exactly. 

Finally,  vve  present  results  for  two-way  partitioning  in  Fable  4.  The 
number  of  nodes  to  be  partitioned  nodes).  the  number  of  nets  con¬ 
necting  them  (#nets).  the  cost  of  the  optimum  partition  (cost),  the 
number  of  Boolean  satisfiability  rlie«ks  (#s*t)  ami  the  C*Pl  time  re¬ 
coiled  |(TI'  I ime |  for  all  the  checks  are  indicated.  The  heuristic  al¬ 
gorithm  of  (7j  was  used  to  obtain  an  upper  bourn!  on  the  cost  for  each 
problem  ami  logic  functions  corresponding  to  gradually  decreasing  costs 
were  generated,  until  a  logic  function  that  was  not  satisliable  was  en¬ 
countered. 


6  Conclusions 

In  this  paper,  we  have  shown  how  various  problems  in  layout,  namely, 
two  ami  multi  layer  dogleg  channel  routing,  two-way  partitioning,  one- 
dimensional  and  two-dimensional  placement  can  be  transformed  elli- 
cieut I y  into  Boolean  satisfiability  problems  and  solved  optimally  using 
sophist icated  lest  generation  and  logic  verification  techniques.  These 
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t  ransformal  tons  are  efficient  in  that  1  lie  number  of  inputs  in  t  he  Boolean 
function,  we  have  to  fiinl  a  satisfying  assignment  for.  only  grows  linearly 
or  qnasi-linearly  with  the  layout  problem  size  The  number  of  gales  in 
the  Boolean  function  js  minimized  during  the  generation  of  logic,  so  as 
to  speed  up  sal isfiability  chec  k  performance. 

Experimental  results  indicate  tlml  this  method  of  optimal  layout  is 
viable  for  medium-sized  problems  and  is  much  more  efficient  than  e\. 
Iiausl  ive  search. 

An  attractive  feature  of  using  f  hi<  approach  is  i  ha  I  f  he  entire  spare  of 
feasible  solutions  can  be  represented  in  a  compact  way.  facilitating  i  In- 
search  for  opt  imal  sol ul  ions  under  complex  cost  fund  ions  and  associated 
roust  rainls. 
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